Abstract. Let A be an n × n Hermitian matrix with λ(A) = (λ 1 (A), . . . , λn(A)) where λ 1 (A) ≥ · · · ≥ λn(A) are the ordered eigenvalues of A. A result of Ky Fan (1949) asserts that if A and B are n × n Hermitian matrices, then λ(A + B) is majorized by λ(A) + λ(B). We extend the result in the framework of real semisimple Lie algebras in the following way. Let g be a noncompact real semisimple Lie algebra with Cartan decomposition g = t+p. We show that for any given p, q ∈ p, a + (p + q) ≤ a + (p) + a + (q), where a + (x) is the unique element corresponding to x ∈ p, in a fixed closed positive Weyl chamber a + of a maximal abelian subalgebra a of g in p. Here the ordering ≤ is induced by the dual cone a * + of a + . Fan's result corresponds to the Lie algebra sl(n, C). The compact case is also discussed. As applications, two unexpected singular values inequalities concerning the sum of two real matrices and the sum of two real skew symmetric matrices are obtained.
Introduction
A classical result of Fan (1949) asserts that if A and B are Hermitian matrices (denoted by H n ) with ordered eigenvalue element λ(A) = (λ 1 (A), . . . , λ n (A)) and λ(B) = (λ 1 (B) , . . . , λ n (B)), where λ 1 (A) ≥ · · · ≥ λ n (A) and λ 1 (B) ≥ · · · ≥ λ n (B) are the eigenvalues of A and B respectively, then
λ(A + B) ≺ λ(A) + λ(B),
i.e., majorization. The usual proof makes use of extremal representation (Marshall and Olkin, 1979, p.241) . See Marshall and Olkin (1979) for an account of majorization and other inequalities associated with the sum of two Hermitian matrices. Fan (1951) 
also proved that s(A + B) ≺ w s(A) + s(B),
i.e., weak majorization, where A and B are m × n complex matrices (denoted by C m×n ) and s(A) = (s 1 (A), . . . , s r (A)), r = min{m, n}, denotes the singular value element of A, in which we have the ordering s 1 (A) ≥ · · · ≥ s r (A) .
One way to get the weak majorization is through an observation of Wielandt (See Fan and Hoffman, 1955) . If A is an m × n complex matrix, then the nonzero eigenvalues of the Hermitian matrix
are the nonzero singular values of A and their negatives. One may feel that the introduction ofÂ is artifical. The above two results of Fan may be cast in a form which makes sense for any real semi-simple Lie algebra g. Fan's first result corresponds to sl(n, C) (more precisely, a translation is needed). The second result corresponds to su(m, n), in which Wielandt'sÂ is quite a natural object. Moreover we will work out the results for a compact connected Lie group, in which U (n) will give exactly Fan's result as we identify the Hermitian matrices with skew-Hermitian matrices.
We will consider two special examples, namely so n,n and so(n), in which some new inequalities concerning the singular values of a sum are obtained.
The noncompact case
To describe our main results in this section we need to recall some basic notions from the theory of real semi-simple Lie algebra. Helgason (1978) is a good general reference. Let g be a real semi-simple Lie algebra, i.e., a Lie algebra over the real field, with nondegenerate Killing form, and let g = k+p be a Cartan decomposition. We assume that g is noncompact, i.e., p = 0. The Killing form ·, · is positive definite on p and negative definite on k. Choose a maximal abelian subalgebra a of p and fix, once and for all, a closed Weyl chamber a + in a. Let K be the maximal compact subgroup of the adjoint group Int(g). It is known that any element in p is Ad K conjugate to an element in a, i.e., k · p = x, for some x ∈ a and some k ∈ K, where p ∈ p and k · p denotes Ad(k)p. Moreover, any x ∈ a is W -conjugate to a unique element in a + , where W is the Weyl group of the pair (a, g) (the finite group defined as the quotient of the normalizer of a in K modulo the centralizer of g in K; see Knapp (1986), p.126.) We also denote by conv Kp the convex hull of Kp = {k · p : k ∈ K}, the orbit of p ∈ p for the K-action on p.
The dual cone of a + , a * + ⊂ a, is defined by x ∈ a * + if x, γ ≥ 0 for all γ ∈ a + . The cone a * + defines a natural partial order on a by x ≥ y if x − y ∈ a * + . We will denote by a + (p) the unique element in the intersection of Kp and a + .
There is a relation on a, defined by the Weyl group W of the pair, such that x ≺ y if x ∈ conv W y, the convex hull of the orbit of y ∈ a under the action of W . The relation ≺ is equivalent to conv W x ⊂ conv W y and hence defines a partial order on the space of W -orbits of the elements in a. Lemma 1.
1. (Kostant, 1973, Lemma 3.2 ) If x ∈ a + , then w · x ≤ x for any w ∈ W . 2. (Kostant, 1973, Lemma 3. 3) If x, y ∈ a + , then x ≤ y if and only if x ≺ y.
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where π : p → a is the orthogonal projection with respect to the Killing form ·, · . By Kostant's convexity result (Kostant, 1973, Theorem 8.2) , there exist nonnegative real numbers α i , β i and
Example 3. Suppose that g = sl(n, C). We may take the Cartan decomposition
where p is the space of traceless Hermitian matrices. The adjoint action of
A closed Weyl chamber a + in a is given by
The Killing form is A, B = 2n tr AB. So the restriction of the Killing form on a is the usual inner product (up to a scalar multiple). Now
When x 1 ≥ · · · ≥ x n , i.e., x ∈ a + , the above computation shows that the cone a * + is described by
. . , n − 1, and
In other words, x ≤ y means majorization while x, y ∈ a + . Now if x, y ∈ a, then
by Lemma 1, i.e., majorization for a + (x) and a + (y). Of course, a + (x) amounts to the rearrangement of the entries of x ∈ a in descending order. Thus Theorem 2 asserts that λ(A + B) ≺ λ(A) + λ (B) , i.e., Fan's result after an appropriate translation, since a + (A) = λ (A) .
Example 4. Suppose that g = sl(n, R). We may take the Cartan decomposition
where p is the space of traceless symmetric matrices. The adjoint action of K = SO(n) on p is given by U · A = U AU −1 , where U ∈ K = SO(n) and A ∈ p. Now a and a + are chosen as in the previous example. The conclusion is similar to the previous example.
Example 5. Suppose that g = su m,n , m ≤ n, which is the algebra (Onishchik and Vinberg, 1990 )
We may take the Cartan decomposition
The adjoint action of K on p is given by
,
which can be identified with R m in the obvious way, i.e., E i,m+i + E m+i,i → e i , i = 1, . . . , m.
A closed Weyl chamber a + of a is given by (a 1 , . . . , a m ) → (±a σ(1) , . . . , ±a σ(m) ), for any σ ∈ Σ m and any choice of sign, where (a 1 , . . . , a m ) ∈ R m is viewed as an element of a. So if x = (x 1 , . . . , x m ) ∈ a, then |x| ∈ a + , after we rearrange the entries of x in descending order with respect to absolute value. The restriction of the Killing form of su m,n on a + is essentially the usual inner product. As before, we have
When x 1 ≥ · · · ≥ x m ≥ 0, i.e., x ∈ a + , this shows that the cone a * + is described by
Thus x ≤ y, where x, y ∈ a + , means that x ≺ w y. Now if x, y ∈ a, then
i.e., |x| ≺ w |y|.
So Theorem 2 implies that s(A + B) ≺ w s(A) + s(B), since a + (A) = s(A).

The compact case
We now confine ourselves to compact connected Lie groups. Let G be a compact connected Lie group with Lie algebra g. Let T be a maximal torus of G and let t be the Lie algebra of T . Let t + be a closed Weyl chamber in t. We fix once and for all a bi-invariant inner product ·, · on g. We get a W-invariant inner product on t and we define t * + to be the dual cone of t + , namely, x ∈ t * + if x, y ≥ 0 for all y ∈ t + . Following Atiyah and Bott (1982, p.600) , we define the partial order on t such that x ≥ y if x − y ∈ t * + . We also denote by t + (x) of the unique element in the intersection of the orbit Gx = {g · x : g ∈ G} and t + .
With these notions, all the previous results are valid if we replace p by g, K by G, a by t, a + by t + , etc.
Lemma 6.
1. (Bourbaki 1968, Ch. VI, prop.18 ) If x ∈ t + , then w · x ≤ x for any w ∈ W . 2. (Atiyha-Bott 1982, Lemma 12.14) If x, y ∈ t + , then x ≤ y if and only if x ∈ conv W y.
One can find Kostant's convexity theorem for a compact connected Lie group in Hilgert el at. (1989) or Atiyah and Bott (1982) . So we have the following result.
Theorem 7. If x, y ∈ g, then t + (x + y) ≤ t + (x) + t + (y).
Example 8. Let G = U (n), the unitary group. The Lie algebra is u(n), the set of skew Hermitian matrices, which can be identified with the set of Hermitian matrices via the map A ∈ u(n) → iA ∈ H(n). Now we can pick T = D(n) ⊂ U (n), the subgroup of diagonal matrices, as a maximal torus whose Lie algebra t is the the set of diagonal skew Hermitian matrices. We then choose t + = {i diag(x 1 , . . . , x n ) : (B) , as we make the identification of u(n) and H(n), i.e., Fan's result. 4. Applications: Singular values inequalities for a sum of real matrices or of real skew symmetric matrices Let I n,n = (−I n ) ⊕ I n . The group G = SO(n, n) is the group of matrices in SL(2n, R) which leaves invariant the quadratic form
where E i,j is the 2n × 2n matrix where 1 at the (i, j) position is the only nonzero entry. We will identify p with R n×n , the n × n real matrices. So a and R n are identified in the obvious way. We can take a + = {(a 1 , . . . , a n ) : a 1 ≥ · · · ≥ a n−1 ≥ |a n |} ⊂ R n . Thus a + (A) = (s 1 (A), · · · , s n−1 (A), sign det A s n (A)), where s 1 (A) ≥ · · · ≥ s n (A) are the singular values of A ∈ R n×n , which is viewed as p.
The Weyl group W = SG(n), acting on a, can be viewed as Σ n × (Z/2) n−1 , and its action is given by the following:
where D = diag(d 1 , . . . , d n ) and the number of minus signs is even. Now Theorem 7 asserts that for any A, B ∈ R n×n , (s 1 (A + B) , . . . , s n−1 (A + B) ,
Then by a result in Tam (1997, Theorem 4) which provides an equivalent statement in terms of inequalities, we have the following interesting inequalities concerning the singular values of a sum of n × n real matrices.
Theorem 9. Let A, B ∈ R n×n and C = A + B with singular values arranged in descending order, e.g.,
We notice that the inequalities (Fan 1951 
. . , n, are implied by the first two sets of inequalities of the result. Of course we can consider the Lie algebras so p,q where p = q, but no new inequalities are obtained.
Another application is the compact connected Lie group SO(2n) whose Lie algebra is so(2n), the algebra of real skew symmetric matrices. A maximal torus T can be chosen as SO(2) ⊕ · · · ⊕ SO(2) whose Lie algebra t is
which can be identified with R n . Under this identification, we may choose a closed The above inequalities depend on the orientation of the underlying real skew symmetric matrices A, B and C. One may consider so(2n + 1), but only the weak majorization s (A + B) ≺ w s(A) + s(B) can be deduced.
A larger class of inequalities (Thompson and Freede, 1971) for the sum of Hermitian matrices (complex matrices as well) are of the following form. Let C = A + B. Then λ js (B) , k= 1, . . . , n,
It would be nice to extend those inequalities in the Lie framework.
